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Abstract— Motivated by problems in quantum control, we
introduce a novel method for studying time-optimal control
problems of affine systems with unbounded controls. Intuitively,
we construct a relaxation of our problem as follows: for each
control of finite amplitude, we appropriately rescale the time
variable so that, in the limit, an instantaneous jump in the
state of the system becomes a trajectory containing both the
state before and after the jump. The main advantage of this
method is the direct applicability of the classical Pontryagin
maximum principle. Several examples, including the generation
of noiseless and noisy qubit gates, as well as population transfer
in open two-level systems, are discussed.

I. INTRODUCTION

The development of quantum technologies is severely
limited by decoherence, making effective control of open
quantum systems a primary challenge [8]. As decoherence
gradually degrades state purity, it is natural to seek control
strategies that reach the target state both accurately and
rapidly, which leads to an optimal control problem.

Pulse-based engineering has become ubiquitous in quan-
tum information for effective qubit control [2]. However,
such an optimal control problem becomes ill-posed and the
minimal control may not belong to the usual L°°-class, where
standard existence theorems apply. The issue is not unique to
quantum control problems but arises more generally in any
time-optimal control problem for a system of the form:

k
q = folg) + > _uifi(q), (L.1)
i=1

where ¢ € M are points in a smooth manifold M, (f;)o<i<k
are independent vector fields on M and v € R¥, where k <
dim M. In this article we study the minimum time problem
for (I.1) with unbounded controls and give applications to
particular quantum systems.

Several approaches for pulse control of open quantum
systems and gate generation were proposed [12], [13]. Limit-
ing control amplitudes yields a well-defined optimal control
problem: for two-level systems, time-optimal gate generation
was studied in isolated systems [5] and population transfer in
open systems in [3], [15]. Another possibility is to restrict to
impulse controls (jumps and zero controls)[14]. Most of the
literature focuses on numerical algorithms like GRAPE [7]
and direct techniques [8].
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System (I.1) is typically analyzed using a reduction proce-
dure. In the case of a single control, when |u; | becomes very
large, the dynamics along fo+wu; f1 converge to the dynamics
of uy f1. In the limit, motion occurs instantaneously along the
integral curves of f;. Letting ¢; ~ g2 when the two points
q1,q92 € M belong to the same integral curve, a reduced
control system preserving all the essential information can be
can be defined on M/~ (if it is well behaved) while ensuring
a well-posed time-minimum control problem [1, Chapter 22].
For k£ > 1, the same principle applies when the vector fields
(fi)1<i<k commute and are analytic. In this case, the Stefan-
Sussmann theorem (see, e.g., [1, Proposition 5.3]) guarantees
that (f;)1<i<k generate a singular foliation, and the reduced
system is defined on the corresponding leaf space.

The reduction method has been successfully applied to
controlled quantum systems in several articles [1], [6], [10],
[11]. However, M/~ may not always be a smooth manifold.
For instance, in the case of two-level open quantum systems
with a single control function, the resulting space is a closed
semidisc, as shown in [10]. Second, evaluating the reduced
system requires calculating pushforwards of f; under the
flows of (fi)1<i<k, which can be a difficult task.

In this article, we propose an alternative approach to
solving the minimum time problem for the system (I.1) that
does not rely on the reduction procedure at all. Instead, we
introduce a time rescaling technique. As the control vector
u increases in magnitude, we proportionally dilate the time
variable, so that in the limit, we obtain a new artificial time in
which the instantaneous jumps along the leaves generated by
(fi)1<i<k are no longer instantaneous. This leads to a natural
extension of the original system, ensuring the existence
of solutions to the minimum time problem. Our approach
eliminates the need for complex calculations to describe the
extended system. It remains on the original manifold and
can be analyzed using standard tools of optimal control.
We provide simplified proofs of the results from [6], [10]
regarding the structure of optimal solutions and offer new
insights into minimal trajectories. Moreover, this technique
also applies in certain non-autonomous cases.

The main result of this paper is the relaxation procedure,
described in Section II, which provides a mathematically
rigorous framework for handling impulsive controls. Addi-
tionally, we present several theoretical and numerical appli-
cations, including quantum gate generation for both closed
and open two-level systems, as well as optimal state transfer
for an open two-level system. The relaxation procedure itself
is not specific to quantum problems and can be used for
general affine control systems, although we have developed
the method with this specific application in mind.
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II. GENERAL SETTING
A. Formulation and relaxation of the problem

Consider a time-minimum problem for the control system
of the form (I.1) with unbounded controls and fixed end-
points. The minimum does not exist for L* control, for
which Pontryagin’s Maximum Principle (PMP) is usually
formulated. Hence, we need to relax the problem to allow
for a larger class of controls.

The relaxation procedure goes as follows. Consider a
positive bounded from below continuous function g : Ry —
R, with linear growth at infinity. Notable examples include

vV 1+ 22,

Let © € L°° be a fixed control function and define

a(t) = g([[u®)]l2),

where ||ul|2 is the Euclidean norm of u € R¥. We can now
rewrite (I.1) as

k
q—a@(%@%@+§jggﬁm0.

Next, we introduce a new time variable 7. System (II.2)
in the new time will be of the form
510

dg dgdt dt_ w;(t
dT_dth_dT“()<a +Z a(t)
1.3

Hence we choose

dt B ot
Tt =150 = [ ats)as

This is a normalization condition that slows the time when
the norm of the control function is large. Note that for a
fixed u € L°°, the integrand is a locally integrable function
and 7 is well-defined.

Now we can consider the system

gl(z) = Inax{l,x}, 92(1) = (IL.1)

(IL.2)

dq

4, = wfola) + Z vifi(g (IL4)
essentially taking vg = 1/@ and v; = u;/@ in (IL3). We
need to understand what values v, v; can take. It will be a
continuous surface without boundary I' C ]Ri“ where

RET = {(vg,v) € RFFT 1 95 > 0}.

Note that T' N {vg = 0} = (), because vy = 0 would mean
that u is infinite. However, by taking the closure I" we add
exactly the possible infinite controls, and we get

f\FC{’UO:O}.

The set T is not convex and needs to be convexified to ensure
existence of a minimum.
The original time variable is recovered by taking

When vy = 0 on some closed interval of time [ry, 73], in
original time this will correspond to instantaneous jumps to
the endpoint at 7. On the intervals where vy # 0 the original
control is recovered via u; = v;/vp.

Summing everything up, we get the relaxed optimal con-
trol problem:

T
/ vo(7)dT — min.
0

— 1.6
(vo,v) € conv I, ({Le)

d
di = o folg +szfz

ge M, q0)=qo, q(T)=gqr, T isfree,

Let us consider some examples of possible sets conv L.

Example 2.1: Choose the function g to be ¢
defined in (IL.1). Controls that satisfy ||u(t)|| <
1 will correspond to points inside the set
{(vo,v) € R*! g =1,|lv| <1}, while controls that
satisfy |Ju(t)]] > 1 will correspond to points inside the
set {(vo,v) € R*!:vg € (0,1],||lv]| =1} . Then T is the
union of those two sets.

As discussed, we extend to non-bounded controls by
taking the closure of I'. It corresponds to adding points
(v, v), where vg = 0 and at least one ||v| = 1, i.e. a
sphere. Now when we take the convexification which gives
us a cylinder

convI = {(vg,v) € RFL0<w <1, 0| < 1}.
Example 2.2: Choose g to be go from (II.1). Then the new
control

( ) ( 1 U1 U )
V0, V) = ,
VI ull? /1 Jul? V1 flul?
The set T is a hemisphere
Si = {(vo,v) € RFFL . US + ||lv||? = 1,v9 > 0},
and its convexification is one half of a Euclidean ball:

conv T = {(vo,v) € R¥ 1 02 4 |Jv]|? < 1,v9 > 0}.

To justify this procedure we state two lemmas.

Lemma 2.3: The control system (I.4) with controls taking
values either in a set I' € R**! or the convexification of its
closure conv I have the same closures of reachable sets.

Lemma 2.4: Consider two positive bounded from below
continuous functions ¢;, g2 : Ry — R, with linear growth
at infinity. Then the corresponding relaxed control prob-
lems (I1.6) are equivalent.

Remark 2.5: Different choices of a function g result in
different control value sets I' in (IL.6),

Remark 2.6: This Lemma shows that it does not matter
which function g we choose for the relaxation. In this article
we will use only g; from (IL.1).

The relaxation procedure will guarantee that the optimal
control problem has minimum, but it is nevertheless quite

oy T 1 s degenerate, because there is a big symmetry group present.
)= 0 vo(s)ds. (L) For example, it is immediately evident that all trajectories
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with vy = 0 are automatically optimal. Even though when
passing to the original time all such continuous trajectories
would correspond to the same discontinuous trajectory, it
could lead to problems in numerical algorithms. To avoid
this issue, we have the following lemma.

Lemma 2.7: One can associate a control that takes values
in T to every minimal trajectory of problem (IL.6).

A less formal, but more intuitive way of understanding
this lemma is the following. If vy # 0 on an arc, then in
the original time any control rescaled by a positive function
would correspond to the same control u. If vg = 0 along an
arc, then in the original time there is a jump to the end-point
of the trajectory in the new time. It does not matter how
slow or fast we go in the new time, since in the old time the
movement is instantaneous. Hence, we can assume that we
go with maximum speed, which corresponds to |[v|| = 1.

B. Pontryagyin’s Maximum Principle

Let us write down the PMP for the optimal control prob-
lem (II.6). We will make an additional assumption specific
to our applications.

Assumption. The vector fields fi,..., frx commute with
respect to the Lie bracket of vector fields

The PMP Hamiltonian is given by
5 k
Hy, = woho + »_vihs.
i=1

where h;(\) = (A, X;(m(\))) for X € T*M, and hy =
ho — v. For the relaxation we use function ¢g; from (IL.1).
The maximized hamiltonian over conv I has the form

H = max{ilo,o} + [l

where ||h|| = \/h% + -+ hi. For further calculations we
will use the Lie-Poisson bracket on 7'M defined on the basis

hamiltonians as {h;, h; }(A) = (A, [fi, f;](A)). To shorten the
notations we will denote

hij = {hi, h;}, hije = {hi, {hj, hi}}

If hg > 0 or there at least one non-zero h; # 0, then
the corresponding trajectories violate the maximum principle
for free terminal time, because H # 0. This gives us two
possibilities:

1) ho =0 and h; = 0 for i = 1,..., k. Then none of the
controls are determined. Since h; = 0, differentiating along
the flow of H, gives

k
d

Ehz = {Hv, hl} = UOhO’i + J;l’l)jhjZ =0.

By the commutation relation (I1.7), h;; = 0, hence voho; =
0. So, vy =0 or hg; = 0. Assume the latter. Differentiating

once more gives

k
UOhOOi + Zvjthi =0.

which is a homogeneous linear system of k£ equations with
k + 1 variables. Recall that by Lemma 2.7 we can always
normalize the control to take values in T. For all applications
in this article k¥ = 1, and we get just one equation:

vohoo1 + v1hio1 = 0. (11.9)

Singular arcs are such that hy = hg; = 0.

If vg = 0, then we don’t get any information. So v can
be any control inside the unit disc. Note that vg = 0 means
that we move instantaneously along the integral curve of
a combination of f;. Multiplying v by a non-zero function
will change neither the extremal trajectory nor the functional.
Hence, we can assume without any loss of generality that
[lv]] = 1. We call such arcs pulse arcs.

2) hg < 0 and ||h| = 0. In this case vo = 0 and vy, . .
are to be determined. Differentiating h; = 0 gives vohg; =0
and we get either a singular or a pulse arc depending on
whether hg; = 0 or not.

- Uk

III. GATE GENERATION FOR NOISELESS QUBITS

We consider the problem of gate generation for a two-level
quantum system. This problem was previously considered
in [6]. The time minimization problem is of the form

. 1
iU = §(waz + uko,)U,
U(0) = id, U(T) = Uy.

where U is a unitary matrix, o, 0y, 0, are Pauli matrices and
w, Kk are two positive numbers. We can define A; = —io;/2,
where ¢ takes the values in the set {z,y, z}, which gives the
following commutation relations

[Am; Ay] = Aza [Aya Az] = Aa:v [Az’ Aﬂﬂ] = Ay7

which are generators of the Lie algebra su(2). Denote
H;(X\) := (), A;w(A\)). In order to write down the Hamilot-
nian system for the relaxed problem, we use the Poisson
bracket induced by the Lie bracket on su(2):

{Hi, Hj}(A) := (A [As, Aj]m(N)).

The Hamiltonian of the relaxed problem is H = vowH, +
v1kH,. The Hamiltonian system takes the following form in
the H,, H,, H, basis:

H, = —vowH,,
Hy =vwH, —vikH,,
H, =vkH,.

Lemma 3.1: Every optimal trajectory must be of the form
pulse-singular-pulse.
Now we consider the singular arcs. We have

2 2
hOOl = —Ww KH;C, h,101 = WK Hz-

Along the singular trajectory we have h; = 0, which in this
notation reads as H, = 0. Therefore, vghgo1 + vihi01 =
viwk?H, = 0. If H, =0, then as a consequence v = 0 and

(I1.8)  in combination with 0 = Hy; ~ H,, this would give a trivial
j=1 extremal. Hence, we can only have v; = 0. In addition,
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we can assume that vg # 0, because else we don’t move.
Passing to the original time we see that it just means u =
0. Hence, we have the following result on the structure of
optimal trajectories.

Proposition 3.1: All optimal trajectories must be of the
form: pulse-wait-pulse.
This proposition allows us for a complete optimal synthe-
sis. Indeed, jump-wait-jump strategy will give us a unitary
operator of the form

itgrog itqwoy

U=e¢ "7 ¢ 2 e

it ROy

, (IIL1)

which is just the usual parametrization of special unitary
matrices using Euler angles. Hence, we can solve the above
equations in the range xtq,sxts € [0,27) and wty € [0, ),
which shows that original control time is bounded by 7/w.
IV. COHERENT CONTROL OF A SINGLE PARTICLE

A. Formulation of the problem

We consider the model of an open two-level quantum sys-
tem studied in [10], which models interaction of a qubit with

zero-temperature environment. The corresponding Lindblad
equation reads as

ip= %[waz + Kuog, p] + 7y (opa+ - % {o*a,p}) ,
Iv.n
where p(t) is density matrix, v > 0 is a parameter that
describes the intensity of interaction between the qubit and
the environment, {-,-} is the anti-commutator of matrices
defined as
{A,B} = AB+ BA

and oF = (0, £ 0,)/2.

Since density matrices are Hermitian, we can write them
down in the basis of Pauli matrices

1
p= 5(5 id+ao, +yo, + 20)

Pluging this expression into the Lindblad equation gives us

x —wy — yx/2 0
d |y wx — yy/2 —kKz
- = 1v.2
dt | 2 -z T (V2
¢ 0 0

We further simplify this system by noting that the trace
variable (£) should be equal to one for density matrix, and
also that one can set w = 1 by appropriately choosing the
time scale and x = 1 by absorbing into a new control Ku.
This gives us the final control system:

a [* —y —yx/2 0
wlv]=1 - vy/2 | +u| -2 (IV.3)
< Y% Y

We are interested in solving the time minimum problem
for (IV.3) with fixed end-points pg, pr. However, the sys-
tem (IV.1) is not controllable due to decoherence [9]. There-
fore, to guarantee the existence of the minimum, we must
minimize a functional of the form

(1 —=a)d(p(T), pr) +T — min.

B. Structure of optimal trajectories of the relaxed problem

We consider the relaxed problem corresponding to (IV.3).
The main result is the following theorem:

Theorem 4.1: Any extremal must be of the form pulse-
singular-pulse arc. More precisely, two singular arcs can not
be connected by a pulse arc.

Applying the PMP to this concrete case using the canon-
ical Poisson bracket on T*R3 gives us the following:

iz_ﬂo(@/"‘ﬁ) ﬁmZUo(sz—P)
2 2 Y
. o . y
Y=o x_? — U1z Py = Vo px+py§ — V1P

Z=wvoy(1=2)+v1y P =voYp. +v1Dy

At a pulse arc we have vg = 0 and h; = 0. This reduces to
the equations & = 0, p, = 0 and a system

y=—uz Py = —v1p-

z = vy Dz = ViPy

Hence, we see that solutions are simultaneous rotations
in the (y,z) and (py,p.) planes with the same speed. In
addition, 0 = hy = —pyz + p.y implies that (y(t), z(t)) and
(py(t),p-(t)) are linearly dependent for all times. We can
introduce polar coordinates, then solutions take the form

py = op2 cos g(t)
p. = op2 cos B(t)

y = p1cosb(2)
2 = prcosg(t)

where 0 = %1 and p; are non-negative.

If a pulse arc is connected to a singular set, then at the
junction by continuity we must have hg(t) — v = hg1 =
0. Let us write the two sides explicitly. First we have that
both of them are trigonometric polynomials. Moreover, if
ho(t) = P(¢(t)), then hig(t) = P'(¢(t)). Indeed, f1 = 0,
in cylindrical coordinates. Thus we get

P(¢) =ajcosd+ azsing + bcos2¢ + ¢ (Iv.4)

where a1 = xops — pLp1, a2 = VP20, b = yp1p20/4, ¢ =
v = 5(22ps + 3p1p20) /4.

Assume by contradiction that two singular arcs are con-
nected by a pulse arc. Let the switching times be ti,%s.
Then the polynomial (IV.4) must have two distinct modulo
27 double roots at ¢(t1) and ¢(t2). We claim that this
impossible for our system, which is a consequence of the
following lemma.

Lemma 4.2: If a polynomial P of the form (IV.4) has two
distinct double zeroes modulo 27, then one of the following
two conditions must hold:

1) b#0, |ar| <4l a2 =0, c=b+ % and ¢y, s are

two distinct roots of cos ¢ = —ay/4b; .
2) b#0, a1 =0, |ag] <4, c = —b— g and ¢1, 2
are two distinct roots of sin ¢ = ay/4b;
Now to finish the proof we notice that b = iplag. If
as = 0, then b = 0, which gives a contradiction. If ay # 0,

az| _ 1

1 o < 1. But this is impossible,

then we must have(J
e a ball and hence p; < 1.

because we are insi
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C. Singular arcs and feedback control

Now that we have the structure of optimal solutions we
can even try to construct an optimal synthesis. For this let us
analyze the singular arcs. First, let us write down the vector
fields and possible dependencies between them:

fo=(~y—72/2)0: + (x —vy/2)0y + (1 — 2)0,
fl = _Zay + yaza

_ T, b
for = 28I+2(z 2)8y+(2y+x)8z,

foor = (2 —2)0, + (1 —~°/4) 29,
+ (v + (v*/4-1)y) 0.,
fio1 = —y0s + (x +vy)dy + v(1 — 2)0..
Letting S = 4det(fo, f1, fo1), we have

S(z.y,2) = y*z + (2 = D(y* + 2%)
+ay(z (VP/4+7/2-1) —=+7/2).
In particular, {S = 0} contains the horizontal line L = {y =
z = 0} and the north pole N = {z = 1,2 = y = 0}. Note
also that on {S = 0} \. L the vector fields f1, fo1 are linearly

independent.
Next we have a linear dependence relation

c1f1 + co1 fo1 + coo1 foor + cro1f101 = 0, (IV.5)

where c; are polynomials and all vanish at the north pole.
One can take

coor = y* + 2°(1 - z),
cro1 = (1 — 2)(2zz + yy(z — 2)).

Here it is important note that outside L U {N} we have
coo1 7 0 and even more f1, fo1, f101 form a basis because

det(f1, for, fior) = —16(y* + 2*(1 — 2)).

So let us assume that we have a singular arc that passes
through point ¢ € R?® ~ (L U {N}). From (I..9) and
relation (IV.5) it follows that along a singular arc that does
not cross L U {N} we have

vohoo1 + v1hi01 = 0,

coo1hoo1 + c1o1h101 = 0.

Therefore v1cop1 — voc101 = 0, which defines vy, v1 up to a
multiplicative constant. By Lemma 2.7, we can assume that
our control takes values in I'. This gives us a control in a
feedback form (vg,v1) = r(q)(co01(q), c101(q)), wWhere

a) — 1/co01(q),
@ {1/|clm<q>,

V. COHERENT CONTROL GATE GENERATION

lcoo1(q)] > lero1(g)],
lcoo1 ()| < lero1(g)]-

A. Formulation of the problem

We now consider the problem of gate generation for the
system described by (IV.1). When interpreted as an equation
over the space of Hermitian matrices, this becomes a linear

system, explicitly given by (IV.2). Equivalently, we define
the matrices:

-1 —w 0 0 00 0 0
w -2 0 0 0 0 —k O
2
Mo=1749 o -y S R
0 0 0 0 00 0 0

Abusing notation slightly, we write the state as a vector
p = (z,y, z, )T, which allows us to express the system
in compact form as p = (Mo + uMi)p.

Since we are interested in gate generation, we need to
control all possible density matrices. This means that we
need to pass to the equation for the fundamental matrix

P(0) =id

P = (My +uM,)P,
where P is a 4 x 4 real matrix. Similar to the population
transfer problem, this system is not controllable due to
decoherence. To make it well-posed, we need to minimize

(1 — )d(P(T), Py)? + oT — min

where « is a real parameter and Py = Ady is the operator
that corresponds to the gate U that we want to generate.
For example, for the Hadamard gate H, we have

0 0 10
0 -1 0 0
AdH*1000
0 0 0 1

By applying our small-time variable change technique, we
reformulate the dynamics as a control problem of the form:
P = (voMy +v1M)P,  P(0) =1id,

< < <
0 = Vo > 17 |U1| = 17 (Vl)

(1 —a)d(P(T), Py)? + 04/0 vo(s)ds — min

The problem is now well-posed and amenable to numerical
optimization. In the next section, we describe how this
formulation is implemented computationally and present
numerical results for the Hadamard gate.

B. Numerical Results

In this section, we present some results obtained using the
OptimalControl. jl package, which is the core package
of the control-toolbox.org ecosystem [4]. This ecosystem
includes several Julia packages designed for mathematical
control and its applications. Its main objective is to provide
tools for modeling and solving optimal control problems
involving ordinary differential equations.

To solve the problem numerically, we formulate problem
(V.1) in Julia code. We must choose a quantum gate U to
be generated. We use the Euler angle representation (III.1)
and construct the corresponding operator Ady. In the case
with decoherence (when vy > 0), we set the parameter « to
0. Indeed, prolonged exposure to decoherence will steer us
away from the perfect gates and it is enough to minimize the
distance between P(T) and Py. We provide an initial guess
to the solver to assist with convergence by using the already
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known optimal solution for the decoherence-free case v = 0
given by the pulse—wait—pulse pattern from Proposition 3.1:

if 0 <71 <ty

ift1 <7 <t]+1o,
ifty +t2 <7 <11 + 12 +13.

Vo = 0, v = ].,
vo=1, v; =0, (V.2)

’UOZO, ’01:1,

In addition, for numerical stability we impose the additional
constraint vg + |v1]| > 1. In other words, we avoid situations
where the control input is weak.

Consider an example of the Hadamard gate generation
Adp for parameters w = k = 1 and the coherence constant
v = 0.1. The resulting numerically found controls are
depicted in Figure 1.

When vg vanishes over an interval |11, 72], in the original
time ¢ the system undergoes an instantaneous jump. In such
cases, the control v; must be maximal in order to perform
the rotation as quickly as possible. By observing Figure 1,
this phenomenon can be clearly seen in two instances, at the
beginning and at the end of the process. In other words, the
trajectory follows a pattern close to pulse—wait—pulse: a jump
occurs when vy = 0 and v; = 1, while the system follows
closely its drift when vo = 1 and v; = 0. Another way to
visualize the gate evolution is shown in Figure 2. The three
trajectories inside the Bloch ball correspond to the evolution
of the operators (id+o0;)/2, (id+0,)/2 and (id+o.)/2
projected onto the Bloch sphere. The bullet markers indicate
the initial points of each trajectory. The purity decay of
individual trajectories is shown in Figure 3 with the same
color scheme. The red and blue graphs overlap.

Fig. 1. Controls vg (red) and vy (blue) to generate the gate Adyy.

Fig. 2. Optimal gate generation of Ady, with (id+oz)/2 in red,
(id +0y)/2 in green, and (id 4+o0)/2 in blue.

VI. CONCLUSION

This work introduced a time-rescaling and relaxation
approach to time-optimal control problems with unbounded

Purity
o
<
T

T

id +oy

Fig. 3. Purity of 957 (red), “

(green), and id% (blue).

controls in affine systems. The method proved effective both
theoretically and numerically, particularly in quantum gate
generation for closed and open two-level systems as well
as in optimal state transfer, providing a simpler and more
versatile alternative to classical reduction techniques.
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